In 5 an internal characterization of structural matrix rings in terms of a set of matrix units associated with a partial order relation was obtained, w x and in 6 this characterization was used to recognize certain subrings of full matrix rings as structural matrix rings. However, the mentioned characterization is rather technical, and the search for a new internal characterization of upper triangular matrix rings, and of structural matrix rings in general, which is our long term goal, is the origin of this paper. 
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Let m G 2. We denote the direct sum of m copies of R by R Ž m. , and we . k
Ž2
n . Ž Let n G 1. In Lemma 1 we show that R can be generated as an . algebra by n idempotents; more particularly, by the following n idempotents. For i s 1, . . . , n we set
For example, for n s 3 this means that
Ž . Ž .
, and for j s 2, . . . ,
is a set of idempotent generators of
Ž .
Ž2.
Proof. If n s 1, then u s e s 1, 0 , which, together with 1 s
Ž2.
1, 1 , clearly generates R .
We proceed by induction on n. Therefore, suppose that the set
u , . . . , u generates R for some n G 1. Let A A denote the subalge-
. . , n q 1, which by the induction hypothesis completes the proof.
We remark that the algebra R Ž m. , for m G 2, cannot be generated by u v less than log m idempotents. Indeed, for m G 3, let p , . . . , p 2 1u log mvy1
be any log m y 1 idempotents in R . Denote by P the set comprising 2 < < 1 and all products of the elements p , . . . , p . Obviously, P F
is the R-submodule of A A generated by P, and so its rank is
and so it follows from Lemma 1 that R Ž m. , for 2 ny 1 -m F 2 n , can be u v generated by n s log m idempotents. Thus we have proved the follow- number s R such that R can be generated as an R-algebra by
. idempotents is log m , and u , . . . , u is a set of
For example, with m s 7 we have log m s 3, and so with u , u , 
is a set of idempotent generators of R Ž7.
. n n algebra U U R rI I can be generated by n idempotents. 2 2 Ž . Ž .
Ž . Ž
E Ž m. ¬ 1 F i F m y 2, i q 2 F j F m . Ä 4 i , j Ž m . Ž . Ž .
n
For i s 1, . . . , n we denote the diagonal matrix in U U R with j, j th
entry equal to the jth entry of u as in 1 , j s 1, . . . , 2 , by U , i.e.,
U
Ž8. by placing u Ž8. on the main diagonal, i.e., Ž Since we deal throughout the sequel with upper triangular matrices, we leave the part below the main diagonal vacant, implying that that part . consists entirely of zeros.
Using permutations together with the natural injection mentioned in the previous paragraph, we will in the next paragraph construct three idempo-Ž . tent matrices generating U U R rI I . Then in Lemma 3 we use, among since We also set Ž .
n For n G 3 and for a matrix X in U U R we write X for its image in 
is a set of idempotent generators of the
Ž . Ä 4 quotient algebra U U R rI I , and Y , Z , U , U , . . . , U is a set of
n n idempotent generators of U U R rI I for e¨ery n G 4.
2
Proof. Direct verification shows that the mentioned matrices are idempotent.
We now use induction on n, starting with n s 3, i.e., with 2 n s 2 3 s 8. First note that for every matrix Ž . respectively, and so by 2 it follows from matrix multiplication in an upper Ž . i, i and zeros elsewhere on D . Therefore 7 implies that
n n U U R r I I for some n G 4. It will be clear that our arguments, which will 2 2 show that
cater for the transition from n s 3 to n s 4 as well. By the induction Ž hypothesis, the arguments regarding the scalar matrix injection preceding
the statement of Lemma 3 , the construction of Y and Z , and the spirit of the proof of Lemma 1 it follows that the set
generates the subalgebra
of U U R rI I . Note that this subalgebra represents the image of
U U R rI I . Similarly, with 1 denoting the identity of U U R rI I ,
and with W [ 1 y U , it follows that
of U U R rI I . 2 2 Ž .
nq1 nq1
Up to now we have shown that all the matrix units in U U R rI I ,
n n except possibly E , are in C C, where C C is the subalgebra of 2 , 2 q1
U U R rI I , which establishes 8 . 2 2 The following result holds for every ring S, not necessarily commutative. We can now state our main result. Ž . generate U U R . 10 We finally wish to mention that we have used MAGMA extensively during this project.
